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Abstract. We study the intermediate extension of the character 
sheaves on an adjoint group to the semi-stable locus of its wonderful 
compactification. We show that the intermediate extension can be 
described by a direct image construction. As a consequence, we 
show that the "ordinary" restriction of a character sheaf on the 
compactification to a boundary piece inside the semi-stable locus 
is a shift of semisimple perverse sheaf and is closely related to 
Lusztig's restriction functor (from a character sheaf on a reductive 
group to a direct sum of character sheaves on a Levi subgroup). 
We also provide a (conjectural) formula for the boundary values 
inside the semi-stable locus of an irreducible character of a finite 
group of Lie type, which gives a partial answer to a question of 
Springer [Sp2]. This formula holds for Steinberg character and 
characters coming from generic character sheaves. In the end, we 
verify Lusztig's conjecture [L3, 12.6] inside the semi-stable locus of 
the wonderful compactification. 



Introduction 

0.1. Let G be a connected, semisimple algebraic group of adjoint type 
over an algebraically closed field k. In [L3], Lusztig introduced a de- 
composition of the wonderful compactification G of G into G-stable 
pieces. The group G itself is a G-stable piece and each G-stable piece 
is a smooth, locally closed subvariety of G and the G-orbits on each 
piece (for the diagonal G-action) naturally correspond to the "twisted" 
conjugacy classes of a smaller group. Moreover, this correspondence 
leads to a natural equivalence between the bounded derived category 
of G-equivariant, constructible sheaves on that piece and the bounded 
derived category of certain constructible sheaves on the smaller group 
that are equivariant under the "twisted" conjugation action (see [L3, 
12.3]). 

Character sheaves on a reductive group are some special simple per- 
verse sheaves on the group that are equivariant under the ("twisted") 
conjugation action. The theory of character sheaves was developed by 
Lusztig in the series of papers [LI] (for conjugation action) and [L2] (for 
"twisted" conjugation action). Now using the natural equivalence we 
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discussed above, one can define the character sheaves on each G-stable 
piece. The character sheaves on G are the intermediate extensions to 
G of the character sheaves on the G-stable pieces (see [L3, 12.3]). The 
most interesting cases are the intermediate extension to G of the char- 
acter sheaves on G. Roughly speaking, these sheaves can be regarded 
as the objects that describe the behavior at infinity of the character 
sheaves on G. 

0.2. In order to understand the intermediate extensions to G of the 
character sheaves on a G-stable piece, in [H2] we gave a second defini- 
tion of character sheaves on G by imitating the definition of character 
sheaves on groups. This new definition coincides with Lusztig's defini- 
tion we mentioned in the previous subsection (see [H2, Corollary 4.6]). 
Moreover, using the new definition, one can show that the character 
sheaves on G have the following nice property (see [H2, Section 4]): 
Let % be the inclusion of a G-stable piece to G, then 

(1) for any character sheaf C on G, any perverse constituent of i*(C) 
is a character sheaf on that piece; 

(2) for any character sheaf C on that piece, any perverse constituent 
of i\(C) is a character sheaf on G. 

0.3. However, analyzing the intermediate extension of a character sheaf 
on a G-stable piece is still a challenging problem. In [Sp2], Springer 
listed some interesting questions in this direction. One interesting ques- 
tion is to study the boundary values of an irreducible character of a 
finite group of Lie type. 

A technical difficulty in analyzing the intermediate extension is as 
follows. 

A character sheaf on G can be understood in terms of "admissible 
complex", which is obtained by pushing forward of some intersection 
cohomology complex under some small, proper map to the closure of a 
Lusztig's stratum of G. 

Using the G-stable piece decomposition of G and the natural corre- 
spondence between the G-stable pieces and the smaller groups, one is 
able to generalize Lusztig's stratification on G to a decomposition on 
G. However, an explicit description of the closure to G of a Lusztig's 
stratum is still unknown. A more serious problem is that the small 
map we used to construct "admissible complex" on G doesn't extend 
to a small map on G. 

0.4. In this paper, we will study the intermediate extension of a char- 
acter sheaf on G, not to G, but to the semi-stable locus G ss of G, an 
open smooth subvariety of G that contains G. In fact, G ss is a union 
of some G-stable pieces. An explicit description of G ss was obtained in 
an joint work with Starr [HS]. 
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The idea of studying intermediate extension to G ss instead of G 
comes from geometric invariant theory. Now we make a short digression 
from character sheaves and discuss about some basic ideas in the theory 
of geometric invariant theory. 

Let H be a linear algebraic group and X be a //-variety When 
considering the quotient space, a main problem is that the quotient 
X/H may not exists in the category of algebraic varieties. Geometric 
invariant theory suggests a method to distinguish "good" //-orbits from 
"bad" //-orbits in the sense that the union of "good" //-orbits form an 
open subvariety U of X and U/H exists. 

Motivated by this, one may wonder if the "good" G-orbits on G 
are still good in the study of character sheaves in the sense that the 
intermediate extension of a character sheaf on G to the union of "good" 
orbits can be analyzed. The answer is YES and this is what we are 
going to do in this paper. 

0.5. Now let us consider the closure of a Lusztig's stratum in G. If we 
take the limit in the direction of unipotent elements in the stratum, 
then by the results in [HI] and [HT1], the boundary points are outside 
the semi-stable locus. On the other hand, taking the limit in the direc- 
tion of semisimple elements in the stratum is more or less the same as 
calculating the closure of some subvariety in a toric variety. This naive 
thought suggests that the closure to G ss of a Lusztig's stratum can be 
described explicitly. 

The explicit description will be obtained in section 3. Moreover, the 
small map we used to construct "admissible complex" on G extends to 
a small map on G ss . Based on this result, the intermediate extension 
of an "admissible complex" to G ss can also be described by a direct 
image construction. This is a generalization of [L2, Proposition 5.7]. 

Moreover, the restriction of the direct image to a boundary piece 
inside the semi-stable locus can be calculated explicitly and is closely 
related to Lusztig's restriction functor introduced in [LI, 3.8] and [L2, 
23.3]. The precise statement can be found in Theorem 4.4. Based on 
this, we give a (conjectural) formula for the boundary values inside 
the semi-stable locus of a character of a finite group of Lie type. The 
formula is true if the (virtual) character is obtained from the direct im- 
age construction. This gives a partial answer to a question of Springer 
[Sp2, Problem 10]. 

0.6. There is a special character sheaf S on G that characterizes the 
semisimple elements of G. This sheaf is the alternating sum of the 
induced sheaves from the trivial local systems on the standard para- 
bolic subgroups of G. In [L3, 12.6], Lusztig generalized the notion of 
semisimple elements to G and conjectured that the intermediate exten- 
sion to G of this sheaf characterizes the semisimple elements of G. 
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It is known that the semisimple elements of G lie in the semi-stable 
locus. We will calculate the intermediate extension of S to G ss and 
verify Lusztig's conjecture inside the semi-stable locus. 

In order to do this, we will consider the intermediate extension of 
the induced sheaf from the trivial local system on a standard parabolic 
subgroup P. Therefore we need to understand the closure of P in 
G ss and the intermediate extension of trivial local system on P to this 
closure. 

Let B be a Borel subgroup of P. Then P is stable under the action 
of B x B and the closure of P in G was obtained in [Spl, Corollary 
2.5] in terms of the union of certain B x 5-orbits. However, G ss is not 
stable under the action of B x B. To describe the closure of P in G ss , 
we have to use the P-stable pieces, introduced by Lu and Yakimov as 
a generalization of the notation of B x P-orbits and G-stable pieces. 
Although the closure of P in G is not smooth in general, the closure 
of P in G ss is always smooth. Therefore, the intermediate extension 
of trivial local system on P to the closure of P in G ss is just the 
trivial local system on that closure. Now we can explicitly calculate 
the intermediate extension of S to G ss . 

0.7. We now review the content of this paper in more detail. 

In section 1, we recall the definition and properties of P-stable pieces. 
In section 2, we give an explicit description of the closure of a parabolic 
subgroup in G ss and prove that the closure is smooth. In section 3, we 
obtain the closure of a Lusztig's stratum of G in G ss . In section 4, we 
study the intermediate extension of a character sheaf on G to G ss and 
verify Lusztig's conjecture inside G ss . 

1. ^-STABLE PIECES ON THE WONDERFUL COMPACTIFICATION 

1.1. Let G be a connected reductive algebraic group over an alge- 
braically closed field k. Let B be a Borel subgroup of G, T C B be 
a maximal torus and B~ be the opposite Borel subgroup. Let / be 
the set of simple roots and W = N G (T)/T be the corresponding Weyl 
group. For any w G W, we choose a representative w of w in N G (T). 

For J C I, let Wj be the subgroup of W corresponding to J and W J 
(resp. J W) be the set of minimal length coset representatives of W/Wj 
(resp. Wj\W). Let Wq be the unique element of maximal length in 
Wj. (We simply write w for w^.) For J, K C /, we write J W K for 
J W n W K . 

For J C I, let $j be the set of roots that are linear combination 
of simple roots in J. Let Pj D B be the standard parabolic subgroup 
defined by J and Pj D B~ be the opposite of Pj. Let Lj = Pj n Pj 
and Gj = Lj/Z(Lj). For any parabolic subgroup P, we denote by U P 
its unipotent radical and Hp the inverse image of the connected center 
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of P/Up under P — > P/Up. We simply write {7 for C/g and [/ for 

U B - 

For any g E G and subvariety H C G, we write 9 i7 for gHg^ 1 . 

Now we will review the D?-stable pieces introduced in [LY]. We will 
follow the approach in [H4]. 

1.2. A triple c = ( J\, J 2 , S) consisting of J\, J 2 C 7 and an isomorphism 
5 : W 7 ^ — > W 7 ^ with 5(Ji) = J2 is called an admissible triple of W x 
W. For an admissible triple c = (Ji, J 2 ,<5), set = {(w, <5(u>)); w G 
WjJ Ciyxlf. 

Let c = (Ji, J2,5) and c' = (J[,J 2 ,5') be admissible triples. For 
w 1 G W Jl and w 2 G "^W 7 , set 

I(wi,W2,c,c') = max{7f. C Jiju^TT) C J[ and S'wi(K) = w 2 5(i^)}, 
[wi,w 2 ,c,c'] = WV^iW/^^,^),^)^ C W 7 x W 7 . 

Then WxW = ^^K, w 2 , c, c']. See [H4, Proposition 

2.4 (1)]. 

Moreover, define an automorphism cr : Wi( WltW2 ^ tC ') — > W 7 /^^^^) 
bycr(w) = ^"^^^'(luiiuiuj" 1 )^). Then map Wj (wi)tt , 2jC)C /) -> W 1 xW 2 
defined by iu — > (tuiiu, tf 2 ) induces a bijection from the a-twisted conju- 
gacy classes on H0-(„, ljW2)CjC /) to the double cosets W c f\[w 1: w 2: c : c']/W c . 
See [H4, Proposition 2.4 (2)]. 

Let be a double coset in W C ,\{W x W) /W c . Then On {W Jl x ^W 7 ) 
contains at most one element (see [H4, Corollary 2.5]). If n (W Jl x 
J ' 2 W) 7^ 0, then we call a distinguished double coset. We denote by 
O m in the set of minimal length elements in 0. We have a natural partial 
order on the set of distinguished double cosets defined as follows: ^ 
0' if for some (or equivalently, any) w' G 0' min , there exists w G m i n 
with w ^ w'. See [H4, 4.7]. 

1.3. An admissible triple of GxG is by definition a triple 6 = (Ji, J 2 , #5) 
consisting of Ji, J 2 C 7, an isomorphism 5 : W 7 ^ — > Wj 2 with 5(Ji) = 7 2 
and an isomorphism 0$ : 7 j : — > 7 j 2 that maps T to T and the root 
subgroup C/ aj (for i G Ji) to the root subgroup U ag ..y Then an admis- 
sible triple C = (Ji, J 2 ,^) of G x G determines an admissible triple 
c = (Ji, J 2 ,5) of W 7 x W 7 . For an admissible triple 6 = (Ji, J 2 ,0s), 
define 

%e = {(p,q);p £ Pj^q £ Pj 2 ,O s (p) = q}, 

where p is the image of p under the map Pj x — > 7j 2 and q is the image 
of q under the map Pj 2 — > Lj 2 . 

Let 6 = (Ji, J 2 ,^) and C = (J[,J 2 ,8 S t) be admissible triples. For 
«Ji G VF Jl and w 2 G "^W 7 , set 

[wi, iu 2 , e, C] = Re'iBunB, Bw 2 B)3le C G x G. 
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For any distinguished double coset G W / C /\(VF x W)/W c , we also 
write [0,6, C] for [w\, w 2 , C, C], where (u>i,u>2) is the unique element 
in n (W Jl x ^VT). We call [w u w 2 , G, C] a x ft e -stable piece of 
GxG. 

Now we list some properties of the &e' x $e _s table pieces. 

(1) The "JIq< x ft e -stable piece [w\, w 2 , C, C] is a locally closed, smooth 
and irreducible subvariety of G x G of dimension equal to dim(G) + 
|/| + l( Wl ) + Z(«7 2 ) + Kw^ 1 ) + l{w J Q 2 ). See [LY, Theorem 2.2 (i)]. See 
also [Sp3, Theorem 2.6]. 

(2) G x G = U j'\w 1 ,w 2 , 6, CI. Lu and Yakimov [LY, 

2.2] and Springer [Sp3, Theorem 2.6] gave two different proofs of this 
result. A different approach is sketched in [H4, Proposition 5.6]. 

(3) Let W! G W Jl and w 2 G J *W and = W d {w 1 ,w 2 )W c . Then 
for any K,w 2 ) G min , [0,6,6'] = $. & (Bw[B, Bw' 2 B)% e . See [H4, 
Proposition 5.3]. 

(4) Let (wi,w 2 ) G J i Wi x W 2 2 . Define an automorphism a : 
Li( Wl , W2 ,c,c>) -> ^/( Wl , W2 , c ,c') by 6 a (l) = ej l {w 2 1 e s {w 1 lw^ 1 )w 2 ). Then 
map -^7( Wl ,u; 2 ,c,c') Gi x G 2 defined by Z — > (u>i/,u> 2 ) induces a bijec- 
tion between the ^-twisted conjugacy classes on Lii Wl ,w 2 ,c,c') an d the 
double cosets R & \[wi, w 2 , G, e']/ft e . See [LY, 2.2] and [H4, Proposition 
5-6 (2)]. 

(5) For any (wi,w 2 ) eWxW, % & (BwiB, Bw 2 B)3l e = U o [0, C, C], 
where runs over the distinguished double cosets in W / C /\(VF x W) /W c 
that contains a minimal length element (w'^w^) with w[ ^ W\ and 
w' 2 ^ w 2 . See [H4, Proposition 5.8]. A slightly more complicated 
description was obtained in [LY, Theorem 5.2]. 

In particular, 

(6) for any distinguished double coset G W C '\(W x W)/W c , we 
have that [0, 6, G'] = U<y<o[0', 6, 6']. See [H4, Corollary 5.9]. 

Now we will come to the wonderful compactifications and the Pk~ 
stable-piece decompositions on the compactifications. 

From now on, unless otherwise stated, we assume that G is adjoint 
and G an algebraic group with identity component G. Let G 1 be a 
connected component of G. We fix an element g G G 1 with 90 B = B 
and 90 T = T. If G 1 = G, then we choose g — 1 and 5 = id. We denote 
by 9$ the conjugation of g$ on G. Then 9§ gives automorphisms on I 
and W. We denote these automorphisms by 5. 

1.4. We consider G as a G x G- variety by left and right translation. Let 
G be the wonderful compactification of G. This compactification was 
first constructed by De Concini and Procesi [DP] when k = C and later 
generalized by Strickland [Str] to arbitrary algebraically closed field k. 
It is known that G is an irreducible, smooth projective (G x G)-variety 
with finitely many G x G-orbits Zj indexed by the subsets J of I. 
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Here Zj is isomorphic to the quotient space (G x G) x P - xPj Gj for 
the Pj x Pj-action on G x G x Gj defined by (q,p) ■ (gx,g 2 ,z) = 
{.9i1 1 i92'P l A z P 1 )i where q is the image of q under the projection 
Pj — > Gj and p is the image of p under the projection Pj — > Gj. Let 
/ij be the image of (1,1,1) in Zj under this isomorphism. 

1.5. The wonderful compactification G 1 of G 1 is the (G x G)-variety 
which is isomorphic to G as a variety and where the G x G-action is 
twisted by (g, g') t— > (<?, Os(g'))- The G x G-orbits on G 1 then coincides 
with the G x G-orbits on G. Let Z j t s be the orbit coinciding with Z$(j) 
and hj ; s G be the point identified with the base point hs(j) G ^( j) • 
Then G 1 is identified with the open G x G-orbit Zj t s via ggo l— 1) • 
hi t $. Moreover, the isotropy subgroup of hjj in G x G is 

{Up- x U Pj Z(Lj))(Lj) s , 

where (Lj) s = {(9 s (l),l);l e Lj}. 

In other words, we have the following commuting diagram 

G-^G} 



G—^G l , 

where r((g 1 ,g 2 ) ■ h 5{J) ) = (9^6^(92)) • h JjS . 

For any subvariety X C G 1 , we denote by X its closure. 

1.6. For J C I, set J x = u? Wo (J) 5(</) and 5 ' = 5_1 Ad^ou;?" ) -1 : 
Wj 1 — >■ Wj. Then c = (Ji,J,8') is an admissible triple on ^ x W. 

Set 9 y = 9f o Ad(woWo (J) ) _1 : L Ji -" A/- Th en C = (Ji, J,^) is an 
admissible triple on G x G. We may identify (G x G)/3l e (l, Z(Lj)) 

with as G x G-variety via (g 1 ,g 2 ) ^ (9iW w S {J) , g 2 ) ■ h JjS . 

Let K C I and C = (X, K,id). Then each DJg/ x C^e-stable piece of 
G x G is stable under the right action of fte(l, Z(Lj)). For u> e W^ <5(J) 
and w G set 

[j,™,^ = [w,v,e,eVM^,z(Lj)) = (p k ) a (Bw,Bv) ■ h l5 . 

We call [J, w, f ]k,s a P^-stable piece on G 1 . In the case where K — 0, 
a P^-stable piece is just a5x P-orbit and we simply write [J, w, v}$ for 
[J, u>, v]$ : s. In the case where K = J, a P^-stable piece is just Lusztig's 
G-stable piece introduced in [L3, Section 12] and we simply write Zj iW .g 
for [J,w, l\i : 5- 

The following properties follows easily from the properties of "Rqi x 
$ e -stable pieces that we listed in subsection 1.3. 

(1) [J,w,v]k,s is an irreducible, locally closed subvariety of G 1 of 
dimension l(w ) + \ J\ + l(v) — l(w) + 1(wq). 
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(2) G 1 - \-l Jcl!weW s(j) !ve K W [J,w,v] KiS . 

(3) For any J C /, x G W s ^ and y G W, (P K ) A ■ [J, x, y} s fl Z u = 
U[J,w,v]k,s, where (w,v) runs over all elements in W s ^ x K W such 
that there exists a G Wk and b G Wj such that aw5(b)w S Q J ^w < 
xw^w ,avb ^ y and l(aw5(b)w 5 Q JS> w ) + l(avb) = l(ww^w ) + l(v). 

(4) For x G H" 5 ^ and y G W with Z(y) - Z(x) = l(v) - l(w) and 
there exists a G H 7 ^ and b G HO such that x = aw5(b) and y = avb, 
then we have that (Pr)a • [J, x ,y]s = [J,w,v]k,s- 

The following explicit description of the closure of a P^-stable piece 
in G 1 was obtained in [LY, Theorem 7.6], which generalized results on 
the Sx5-orbit closures in [Spl, Proposition 2.4] and [HT2, Proposition 
6.3] and the G-stable-piece closures in [H3, Theorem 4.5]. 

(5) [J, w, v]k,s is a union of P^-stable pieces. Moreover, [J', w' , v']k,s C 
[J, w, v] K: s if and only if J' C J and there exists x G H 7 ^ and y G HO 
such that xw' ^ w5(y) and xt> ' ^ t> y. 

From (1) and (5), we have the following useful consequence. 

(6) For J' C J, <Km([J,w,v] KtS )r\Zj, t 6 = dxm{[J,w,v] KiS )-\J\ + \J'\. 
We also need the following variation of subsection 1.3 (4), 

(7) [J,w,v] K ,8 = (Pk)a(L Ki w,v) ■ hjj, where K x = max{iT C 
K-w-\K') C J,w~ l {K') = 5{v- l {K'))}. 

Moreover, we have an explicit description of the semi-stable locus 
G 1 for the diagonal G-action on G 1 in terms of G-stable pieces (see 
[HS]). The case where G 1 = G was also studied by De Concini, Kannan 
and Maffei in [DKM]. 

(8) W = lA JU Zj^ 5 . 

2. Closure of a parabolic subgroup in G 1 * 3 

For any J C I, set Js = max{ Ji C J; S(Ji) = J\\. 

For any K C / with 5(K) = K, we write P^ = P K g = N d P K n G l 
and G\ = L K g /Z(L K ). Now we give an explicit description of P^ fl 
G 1 using Pft-stable pieces. 

Theorem 2.1. For K C I with 5{K) = K, we have that 

PkCiG 1 = U JcI \-i we K W j wWjnW 5^ 9 [J, 5 (w) , w]k,s- 
Proof. By subsection 1.6 (5), 

PfC n Zj,l;S = U weW s ( J ),ve K W,xw^5{xv) for some xeW K (\-^ W ) v \k,S H ^J.ljtf)- 

Let iu G W^^-u G ^H 7 with xw ^ 5(x-u) for x G W K . Since 
f G X H0 we have that 

l(w) ^ l(xw) — l(x) ^ /(xt>) — l(x) = l(v). 

By subsection 1.6 (3), G A ■ [J,w,v] KjS H Z J>5 = G A ■ [J,w,v] s H Z J;5 
is a union of G-stable pieces. If [J, u>, uj^n^y 7^ 0, then by Zj^-s C 
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Ga ■ [J, w, v}$. Again by subsection 1.6 (3), there exists a G W and b G 
Wj such that aS^w^wo ^ wWq^wq, ab ^ v and [(aS^w^wo) + 
Z(ao) = l(w S Q J ^w ). Therefore aS^w 6 ^ ^ ww^ and 

/(a<5(6)wo (J) ) ^ /(^ {J) ) = Z(iu) + l(w S (J) ) > Z(u) + Z(^ {J) ) 
>l(ab)+l(w S Q (J) ). 

Since l(a8(b)w S Q J ^w ) + i(afe) = 1(w S q J ^w ), we have that 

/(a5(6)^ (J) ) =/(a6) +/(wJ (J) ). 

Therefore, = 5(xi>), aS(b)w^ J ' 1 = ww^ and ao = v. So = 
vb~ l = a and xvb~ l = xw8(b)~ l = 8(xv)8(b)~ 1 = 8(xvb~ 1 ). 

We may write xvb~ l as xvb^ 1 = z x z 2 for z\ G W 7 ^ and z 2 G ^"W 7 . 
Then xvo" 1 = 8(xvb' 1 ) = 5{z 1 )5{z 2 ) and <5(^) G W 7 ^, 5(z 2 ) G ^W 7 . 
Therefore z\ = 8(z\) and z 2 = 8(z 2 ). Write z 2 as z 2 = z 3 z 4 , where 
z 3 G W J and z 4 G Wj. Then z 3 G K W J and xu><5(o) _1 = x-uo -1 = 
ZiZ 3 z 4 = z 1 8(z 3 )8(z 4 ). By [H4, Corollary 2.5], (w,v) = (8(z 3 ),z 3 ). 

Therefore P\ H Zj >:l;fi C U Jc/ U z€%J#jnwrJ/j [J, <$(z), z]^. 

Now for z G K W J such that = 5(zu) for some it G Wj, we 
have that Ga • [J, H z )i z \k,s = ■ [J, S(z), z]$. By subsection 1.6 
(4), G A ■ [J, 8(z), z]s = Z Jtl . s . Hence [J, 8(z), z] K ,s C^n% The 
theorem is proved. □ 

Lemma 2.2. Let J, K C I with 8(K) = K . Then the map w i— > 
min(wW^j) gu^es a bijection 

e : X H/ J * Pi Vy 5 ->{j;G ^W 7 * 7 , xH/j n W V 0}- 
Moreover, max{K' C K\ K' = S(K'), e(w)-\K') C J} = Kf]w(J 5 ). 

Proof. If w G ^W 7 * 7 * n W 5 and x G mm(wWj). Then x G ^W 77 and 
w G xWj fl W s . So the map is well-defined. 

Now suppose that x G K W J with xWjrW 5 7^ 0. Let y G xWjH W*. 
Write y as y = ab for a G W 7 ^- and 6 G ^"W 7 . Since 8{K) = K, we have 
that 8(a) G and 8(b) G ^W 7 . Now a6 = y = 8(y) = 6 {a) 6(b). 
Sob = 8(b). Since b G W K xWj n ^W 7 and x G ^W 77 , we have that 
6 G xW^j. 

Write b as 6 = wc for it> G K W Js and c G W 7 ^- Then wc = b = 8(b) = 
8(w)8(c) and 8(w) G 5(c) G W Js . Thus iu = <S(iu) G ^W 7 ^ n W 75 

and e(w) = x. The map is surjective. 

If Wi,w 2 G K W Js with e(iui) = e(u> 2 ). Then w 2 = W\a for some a G 
VLj. Thus W\a = w 2 = 8(w 2 ) = 8 (w 1)8 (a) = W\8(a) and a = 8(a). Let 
supp(a) be the set of simple roots whose associated simple reflections 
appear in a reduced expression of a. Then supp(a) = 5(supp(a)) C J. 
Hence supp(a) C J$ and a G W Js . Since w 1: w 2 G W Js , we have that 
a = 1 and w\ = w 2 . The map is injective. 
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Let w G K W Js n W s . Then w = e(w)a for some a G Wj fl H^* 7,5 . Let 
if' C X. If a~ l t(w)-\K') = w~\K') C J 5 C J, then eH" 1 ^') C 
$j. Since e(u>) G W^ J , we must have that e(w)~ 1 (K') C J. Moreover, 
5(K n wJi) = 6(if) n <J(iu)<J(J{) =Xn wJj. Hence if n w(J 5 ) C 
max{if' C K;5{K r ) = if', e(w)~ 1 (K') C J}. On the other hand, 
assume that if' C X, 5(iT) = X and e(w)- l (K') C J. Then for any 
% G if', ■u; -1 ^) = a~ 1 e(w)~ 1 (a i ) is a root in $j. Since u> G K W ', 
■u; _1 (Q;j) is a positive root in <3>j. Now 

ieK' i£5{K')=K' ieK> 

Hence, w~ 1 (ai) is a positive root in <&j s for i G if'. Notice that w G 
W Js . Thus w~ 1 (o;j) is a simple root in $j 4 for i G if' and iu _1 (if') C 
J 5 . □ 

Notice that for any w G K Wn W s and J C i, min(i<;WjJ G W^ 5 and 

(Pk)a(Bw,Bw) ■ hj, s = (P K )A{Bmm(wWj s ),Bmm(wW Js )) ■ h JyS 

= [J, 8(mm(wWj)),mm(wWj)} KtS . 

By Proposition 2.1 and the previous lemma, we have other descrip- 
tions of Pj( n G 1 which are sometimes more convenient to use. 

Theorem 2.3. For if C i fflitt 5(if ) = if, we have that 

pj n & ss = u JcI u weKwJ s nwS (P k )a(Bw, Bw) ■ hj, s 
= Ujc/ U we K WnW s (Pk)a(Bw, Bw) ■ h Jt s 
= U we K WnW s U JcI (P K ) A (Bw, Bw) ■ hj, s . 

Theorem 2.4. For any if C i with S(K) = if, the variety P^ fl G 1 ^ 
is smooth. 

The proof will be given in subsection 2.1. The main idea of the proof 
is to find an open covering of P\ fl G 1 such that each open subvariety 
appeared in the covering is open in another smooth variety. 

Lemma 2.5. For any if C i with S(K) = if and w G K W with 
5(w) = w, Uj c j(Bw, Bwqw) ■ hj t g is a locally closed subvariety of G 1 
isomorphic to an affine space of dimension dim(Px)- 

Proof. Since w G K W and 5(w) = w, we have that 

of{^u n u~) = n u~ = ™~'u Pk n tr c ^^c/ n tr , 
OsC^u nu) = nu = ™~ 1 u PK nu c n c/. 
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For J C /, we have that 

(^B^'^B) ■ h J)S = (*~ l U*~ l <B) ■ h J;S 

= (C^unu)^ ~'ur\u-)™~'<B) .h J>s 

= {^u nur~ l < Be^^u nu~ nL 5{J) )) .h JtS 

= (^unu^'^B) .h J>s 

= (^un u, (™~'<B n b-){™~'<u n u)) ■ h JtS 

= ((^un u)e 5 {™~'<u nun Lj), {*~ 1 <b n b~)) ■ h JtS 

= {*~ l u n u, *~ 1 <b n b~) ■ h J>5 . 

Set X = U Jc/ (l,T) • hjfi. Using the result of [DS, 3.7 & 3.8], we see 
that 

(w- 1 ,^- 1 ^) ■ u JcI {Bw, Bw*w)hj, s = C^u n u, t-^u nu~)-x 

is a closed subvariety of (U,U~) ■ X isomorphic to an affine space of 
dimension dim(P^). 

Since (U,U~)-X is open in G 1 , (w' 1 ,w~ 1 Wq) - U JcI (Bw, Biu^^h^s 
is locally closed in G 1 . □ 

Lemma 2.6. For any K C I with 8{K) = K and w G K W , we have 
that Uj c i(Pkw, Prw) ■ hj ; $ is smooth. 

Proof. Set X = U JcI (Bw, Bw^w) ■ h Jt $- Then X is isomorphic to 
an affine space and 

U JcI (P K w, P K w) ■ h J;S = U p>qe p K (p, q) ■ X. 

So it suffices to prove that X is open in U JcI (P K w, Prw) ■ hj^. 

Suppose that X is not open in U JcI (P K w, Pkw) ■ h^$. Notice that 
X and 

U JcI (P K w, P K w) ■ hj, 5 = U Jc/ U x , ye w K (Bxw, Byw) ■ h J;S 

are unions of some B x 5-orbits. Thus there exists a B x B-orbit in 
U JcI (P K w, Prw) ■ h J: s — X whose closure contains a B x 5-orbit 0' in 
X. 

We may assume that C Z JjS and 0' C Zj> >5 . Set w' = mm(wWj). 
Then w' G K W J and 

dim((Bw,Bwlfw) ■ h J)S ) = dim([J, 8(w'), w$vf\ s ) = K w o) + 1^1 + K w o) 

= dim((P K w,P K w) ■ h JiS ). 

Thus (Bw, Bwqw) • hj t s is open in (Prw, Prw) ■ hj t s and dim(0) < 
dim((_Bu>, Bwqw) ■ hj : s)- By subsection 1.6 (6), 

dim(0 n Zji) < dim((Bw,Bw£w) ■ h J;S ) - \ J\ + \J'\ 
= dim((Bw,Bwgw) ■ hj. fi ) = dim(O'). 
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Therefore 0' ^ 0, which is a contradiction. □ 

Lemma 2.7. For any K C I with 5 (J) = J and w G K W with S(w) = 
w, L\ JcI (P K ) A (Bw,Bw) ■ h J;S is open in U JcI (P K w, P K w) ■ hj^ & . 

Proof. By definition, (P K ) A (Bw, Bw)-hj ; $ = [J, 5(mm(wWj)),mm(wWj)]K,s- 
Thus U JcI (P K ) A (Bw, Bw) • hj ; s is a union of P^-stable pieces. 

Notice that (Pr)a C Pk x Pk and B x B G Pk x Pk- Thus for any 
J C I and x,v eW, either 

(Pk)a(Bx, Bv) ■ h JtS n (Pa-w, P^-ii;) • = 

or 

(Pk)a(Bx, Bv) ■ h J>5 C (Pkw, Prw) ■ hj, s . 

In other words, Uj c i(Pkw, Prw) • hj ; $ is a union of P^-stable pieces. 

Suppose that Uj cI (P k )a(Bw, Bw)-hj^ is not open in U JcI (P K w, Prw)- 
hj t g. Then there exists a P^-stable piece in Uj c i(Pkw, Prw) ■ hj t s — 
Uj cI (P k )a(Bw, Bw) ■ hj t s whose closure contains a P^-stable piece 0' 
in U JcI (P K ) A (Bw,Bw) ■ hj, 5 . 

We may assume that G Z J:S and 0' G Zj> >6 . Set w' = mm(wWj). 
By subsection 1.6 (1), 

dim((P K ) A (Bw,Bw) ■ hj, s ) = djm([J,5(w'),w'] Kt s) = l(w ) + \J\+l(w*) 

= dim((P K w, P K w) ■ hj t5 ). 

Thus [J, w, w]k,s is open in (Prw, PKw)-hj t s and dim(0) < dim([J, w', w']k,s)- 
By subsection 1.6 (6), 

dim(0 n Zj> tS ) < dim([J,w',w'] K! s) -\J\ + \J'\ 

= dim((P K ) A (Bw, Bw) ■ h Jlfi ) = dim(O'). 

Therefore 0' ^ 0, which is a contradiction. □ 

2.1. Proof of Theorem 2.4. By Lemma 2.6 and 2.7, for w G K W n 
W s , Uj c i(Pk)a(Bw, Bw) • hj t s is an open subvariety of a smooth 
variety. So Uj c j(Pk) a {Bw, Bw) ■ hj t $ is smooth. By theorem 2.3, 
Uj c i(Pk)a(Bw, Bw) ■ hj t s C P K H G lSS . Now it suffices to prove that 
U JcI (P K ) A (Bw, Bw) ■ h Jj5 is open mpJoG 1 " 3 for any w G K WC)W 5 . 

If this is not true, then there exists a P^-stable piece [J, S(x),x]k,s m 
Pfc-nG 1 — Uj' Cl (P K ) A (Bw, Bw) ■ h j/ t s whose closure contains a Pk- 
stable piece (Pk)a(Bw,Bw) ■ hj>$. So J' C J. Set u;' = min(i<;Wj/). 
By subsection 1.6 (5), there exists a G Wk and b E Wj such that 
aS(w') ^ 5(rr)o~(o) and aw' ^ x6. Then 

/(a) + l(w') = l(a8(w')) ^ l(8(xb)) = l(xb) ^ l(aw') = 1(a) + l(w'). 

Thus a5{w') = 8(xb) and aw' = xb. So 

mm(w'Wj) = min(WKaw'Wj) = vnva{W KxbW j) = x 
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and w G w'Wjr C xWj. Assume that w = xc for c G Wj. Then 
(Bw,Bw) ■ hjs = (BS(x)S(c), Bxc) ■ hj ; s = (BS(x), Bx) ■ hj ; s and 
[J,S(x),x]k,s — (Pk)a(Bw,Bw) ■ hj t s, which is a contradiction. □ 

3. A STRATIFICATION ON G 1 ^ 

First, we recall a stratification of G 1 introduced by Lusztig in [L2]. 

3.1. An element g G G 1 is called isolated if there is no proper parabolic 
subgroup P of G such that h G N G (P) and Z G (h s )° C P, where h s is 
the semisimple part of h ([L2, 2.2]). Then the set of isolated elements 
is closed in G 1 ([L2, Lemma 2.8]) and the action of Z(G) x G on G 1 
defined by (z, g) • g' — gzg'g~ l leaves stable the set of isolated elements 
in G 1 and there are finitely many orbits there ([L2, Lemma 2.7]). These 
orbits are called isolated strata of G 1 ([L2, 3.3]). 

3.2. Let P be a parabolic subgroup of G, L be a Levi subgroup of P 
and S be an isolated stratum of N G (L) fl G 1 such that S C N G (P). 
Set S* = {g G S; Z G {g s f C L} and = U geG gS*g-\ We call F L>5 
a stratum of G 1 . It is known that Y^s is smooth ([L2, 3.17]) and Y^s 
(for various (L, S)) form a stratification of G 1 ([L2, Proposition 3.12 & 
3.15]). 

Moreover, let S" be the closure of S in N G (L) n G 1 and Gx P (S"£/ P ) 
be the quotient space of G x (S'Up) under the P-action defined by 
p(g,z) = (gp -1 , pzp -1 ) . Then the proper map / : G Xp (S'Up) — > 
Yj^s defined by (g, z) h- > gzg^ 1 is a small map. See the proof of [L2, 
Proposition 5.7]. 

Now we generalize the definition of strata to G lSS . 

3.3. By [H3, Proposition 1.10], the map (g,z) h- > (g,g) ■ z gives an 
isomorphism G Xp^ (P Js ,P Js ) ■ h J>s -> Zj,i ; <s. 

Notice that the map (<?, z) i— > (g, l)z gives an isomorphism from 
U Pjs x (Lj 4 , 1) • h JtS to (Pj 4 , P Js ) ■ h JtS and the action of U Pjg on (Lj 4 , 1) • 
hj t s defined by (g, z) ^> (1, g) • z is trivial. Then (g, z) h- > (g, g) • z gives 
an isomorphism 

(a) ^ x (L Ja , 1) • hj, s = (P Js , P Js ) ■ hj, s . 

Therefore 

Pj s Xl Js (L Js , 1) • h JtS = (U Pjs x L Js ) x Ljg (L Js , 1) • hj, s 

= U Pjs x (L Js x Ljs (L Js ,l)-hj, s ) 

= (P Js ,P Js )-hj,s, 

where Pj s x L (Lj s , 1) • hj t $ is the quotient space for the L Js action on 
P Js x (Lj 5 , 1) • hj, s defined by I • (p, z) = (pZ _1 , (/, Z) • 2). 
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Thus Zj^-s is isomorphic to G x Pjg (P Js x Ljg (L Jg , 1) • hjj) = G x Ljg 
(L Js , 1) • hj, s via (g, z) ^ (g, g) ■ z. 

We may also identify (L Js , 1) • h J: g with Lj s g /Z(Lj). Therefore we 
have an isomorphism 

ij:Gx Ljs Lj s g /Z(Lj)2*Zj >1; s 

via (g,lg ) i-> (gl,g) ■ h JjS . 

Notice that we have a stratification G x l Ts Lj s go = UG Y, 
where Y runs over strata of Lj s g . Moreover, each stratum Y of Lj s g 
is stable under the action of Z(Lj s ) D Z(Lj). Then 

(b) G lSS = U Jc/ U y is a stratum of Lj ^ ij(G x Ljg Y/Z{Lj)) 

is a decomposition of G lSS . We will see later that (b) is in fact a 
stratification. For any J G I and stratum F of Lj s g , we call ij(Gxi Jg 

Y/Z(Lj)) a stratum of G 1 . 

We may define a decomposition for G 1 in the same way. But it 
is very hard to give an explicit description of the closure of any sub- 
variety appeared in the decomposition. However, [HI, Theorem 4.3], 
[HT1, Theorem 7.4] and [H3, Theorem 4.5] give some evidence that 
this decomposition for G 1 may still be a stratification. 

3.4. In this subsection, we assume that G 1 = G. It is known [DP] that 
the map (g, g', z) \— > (g, g') • z gives an isomorphism 

(GxG)x p - xPj G-j = Z-j. 

Notice that any element in Zj n G ss is of the form (gl, g) ■ hx for 
some K C J, g G G and / G L^- and any element in Gj is of the 
form (g'l',g') ■ h K for some K C J, g' E Lj and I' G L^. Therefore 

z7nG ss = G A -G7 ss . 

The morphism (G x G) x p - xPj Gj -> G/Pj x G/Pj, h-> 

(gPy,g'Pj) sends Z7nG s " to the open G A orbit in G/P7 x G/Pj. 
It is easy to see that = G/Lj. Since each fiber of the G-equivariant 
morphism Zj fl G — > G/Lj is isomorphic to Gj , by [SI, Page 26, 
Lemma 4], we have that 

Z~jnG ss ^Gx Lj G~j SS . 

Here G Gj SS is the quotient space for the Lj-action on G x G/ s 
defined by I ■ (g,z) = {gl -1 , (1,1) ■ z). This isomorphism extends the 
isomorphism Zj^ i( i = ZjCiG = G x Lj Gj in the previous subsection. 

Lemma 3.1. Let T = {^(r 1 ); teT}. Let J,K cl with 8(K) = K 
and w G W s . Then 

7p 7(T S nfr -\ h j(T Z(L K )w,w)-hj, ifw~ l § K (Z<&y, 
T Z(L K ) n (wT, w)-hj = < . 

\y), otherwise. 
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Proof. Let X = Ud c j(T, 1) • ho- Then for any positive root a, the 
morphism T — > A; defined by t i — > a(t) extends in a unique way to a 
morphism from X — > which we denote by a. It is easy to see that 

(a) Oi((t, 1) • hj) = 

By definition, T Z(L K ) = {teT; H ie0 ai(t) = 1, V 5-orbit of K}. 
So (w~\ w-^-TqZ^Lk) = {tET; ]J ie0 w^a-it) = 1, V 5-orbit of X}. 
For any root a, set 




sgn(a) 




if a > 0; 
if a < 0. 



Notice that 5(u> _1 a:i) = 6(w)~ 1 ees{i) = u^a^). Thus for any 5-orbit 
of K, either w~ l cti > for all i G or w~ l cti < for all i G 
0. So we may write sgn(iu _1 0) for sgn(u> _1 a:j), where % G 0. Now 

(riieo ' U7_1 ( a «)' 2 ) Sgn ^ °^ ^ s a well-defined morphism from X to A; and 
(w-\w^)-T Q Z(L K ) = {ze X^w^^zf^- 1 ^ = 1}. 

By (a), if w'^Qk) <£ $j, then ]J ieK ur^^zf^' 1 ^ = for 
all z G (T, 1) • /ij and w" 1 ) • T Z(L K ) n (T, 1) • /ij = 0. On the 
other hand, if w -1 ^^) C $j, then for any z = (t, 1) • foj and i E K, 

w-Ha,){z) = w-^OiXt). Therefore {w~\ w' 1 ) ■ T Z(L K )n{T, l)-hj = 
{(t, 1) • hj] t G {w~ l , w~ r ) • T Z(L K )}. The lemma is proved. □ 

Notice that 6 S (T Q ) = T and 6 8 Z(L K ) = Z(L K ) for if C / with 
5(K) = K. By the identification of G with G 1 in subsection 1.5, we 
have the following variation of the previous lemma. 

Lemma 3.2. Let J, K C I with S(K) = K and w G W 5 . Then 

' (T Z(L K )9 s (w),w) ■ hj >8 , ifw-^ K C $ j; 

otherwise. 



T Z(L K )g n(wT, w)-h Jyi 



Theorem 3.3. Let K C L with 5(K) = K and S be an isolated stratum 
of Lxgo- Let S' be the closure of S in LkQo- Then 

U Pk S H G 1 = U JcItWe K W j snW s tW -i iK)cJs (Up K S'wg 1 , U Pk w) ■ h Jj5 . 
Proof. Since U Pk S' C then 



U Pk S> n G 1 cPknG 1 = U JCI U weKW j 5nwS (P K ) A (Bw, Bw) ■ h Jj5 . 

Since S is stable under the conjugation action of L K , there exists 
s G (B fl L K )g such that s G 5. We may write s as s = wtgo f° r some 
t G T and u G C/ n L K . Then 

5 = {lutZiL^gol' 1 - leL K }G (L K ) A ((U n Lj)tT Z{L K )g ) . 
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It is known that (Up K ) A • S is dense in Up K S' . Now consider the 

proper map Pk x b UtT Z(LK)go — > G 1 defined by (g,z) i— > (g,g) ■ 
z. Since (P K ) A (UtT Z(L K )g ) = (U Pk ) a (L k ) a ■ (UtT Z(L K )g ) D 
(Up k )a ■ S, then 

(a) Up^S 7 C (P K ) A UtT Z(L K )g . 

Let J C / and w G K W Js n W" 5 . By definition, 

(Pk)a(Bw,Bw) ■ h Jt s C U xe w K (BxBw, BxBw) ■ h JjS 

= \J xe w K (BxBw, Bxw) ■ h J>5 

C U xeWji . ((Bxw, Bxw) ■ h JjS U U y<xw (By, Bxw) ■ h JyS ) ■ 

If (Pr)a(Bw, Bw) ■ h JtS D £/p K S' ^ 0, by (a) we have that 

U xeW s. (Bxw, Bxw) ■ hj tS = (Pr)a(Bw, Bw) ■ h J)& n B 1 

D (P K ) A (Bw, Bw) ■ hj, s H UtT Z(L K )g ^ 0. 

Therefore UtT Z(L K )g D (Bxw, Bxw) ■ hj t s ^ for some x G W 7 ^-. 
Set «/ = xwy and X = Ujr c i(Bxw, Bxw) ■ hj> t s- Then the map 
(w, z) i— > (uxw, u'xw) ■ z defines an isomorphism 

([/ n ™£/) x (17 n ^ET) x Uj/ C7 (T, 1) • hj; S -> X. 

Notice that UtT Z(L K )g C X. Then UtT Z(L K )g n X is the 
closure of UtT Z(L K )g in X. Hence 

UtT Z(L K )g n X = (([/ n ™U)xw, (U n • X', 

where X' = ( ± " d ')~ 1 T Z (L K )g fl Uj, c/ (T, 1) • Since UtT Z(L K )g n 
(Bxw, Bxw) ■ hj t s 7^ 0, then X' fl (T, 1) • foj^ 7^ 0. By the previous 
lemma, = C $j. Since u> = and X = S(K), 

we have that 5(-u7 _1 $^) = C $j s . Notice that k; G K W Js . 

Then ur^X) C J*. 

On the other hand, suppose that w G K W fl W 5 with u> _1 (X) C 7. 
Set 

y = U w -i (K)cDcI (P K ) A (Bw,Bw) ■ h D:5 . 

If w _1 (X) C -D, then goLw-i^go 1 = L w -i^ K ) and by [Ste, Lemma 
7.3], (-L u ,-i(a:))a • ((B fl L w -i {K) )go) = L w -i {K) g . Hence 

(Pk)a(Bw, Bw) ■ h DtS = (L k ) a (U Pk w, U Pk w(B n • /id,«s 

= (C/p^-iu, C/ Pk w)(L U) -i (k) ) a (1, 5 n £„,-i(x-)) • 
= (Up K w, U Pk w)(1, L w -i {K) ) ■ h Dj5 

= (U Pk w, U Pk w)(L w -i {k) , L w -i (K) ) ■ h D:5 = (P K w, P k w) ■ h DjS . 

Therefore Y = U w -i r K \ cDcr (P K w, Prw) ■ ho,s- Since u> _1 (X) C 7, 
U P n *U = U Pk n ^C/p . and u Pk n "tr = t/p„ n ™C/ P - . It is 
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easy to see that the map (u, u', z) \— > (u, u') • z defines an isomorphism 

(b) (u Pk n *u) x (c/ Pk n *u~) x u„- 1(i , )cflci (L^, l^) • h A(5 -> y. 

By the similar argument as we did above, one can show that the 
closure of S' = (S'g^Osiw),^) ■ h IjS in U w -i( K)cDcI (L K w, L K w) ■ h DtS 
is U w -i (i< - )cDc/ (S"5f _1 6' 5 («;),w) • h Dj5 . 

Hence the closure of U Pk S' = (Up K C\™U,Up K n™lJ-)-(S' ' g l Q s (w),w)- 
hi t s in Y is 

(u Pk n *u, u Pk n ^tr) • u w - 1WcDcJ (^o _1 ^H, ™) • V* 

= U u ,-i (E - )cDc/ (L r p if S"5f _l6, <5(^),f / PK^) ' V<5 
= ^w-HK)cDci(Up K S'wg 1 ,Up K w) ■ h D:S . 

The theorem is proved. □ 

Corollary 3.4. Let K d I and S be an isolated stratum of Lk- Let 
S' be the closure of S in Lk- Then for any J C I , 

Up K S flG (1 Zj = \-\ we K W j >w -i(K)cj(Up K w, Up K w) ■ X w , 

where X w is the closure of (Up w _j_ H Lj) w 1 S/Z{Lj) in G/ S . 

3.5. Let J,K C I with 5{K) = K and w G n W 5 . Let 5 C 

Lj s be a subvariety. Since Zj^-s = G x Pjj (Pj 6 ,P Js ) ■ hj t $, we have 
a projection map — > G/Pj s . Restricting the projection map to 
( w Pk)a(S, 1) • hj t s C Zj t i-s, we obtain a morphism 

r'P^AiS, i) • fc J>a -> ^Pk/^Pk n p j4 . 

By [SI, page 26, lemma 4], 

r"i^)A(s, i) • ^ = ™ _1 p* x.- 1PKnPji r"p x n p J4 )a(5, i) • ^ !<5 . 

Notice that n Pj a = ^Pk n U Pjg x 16-1 P K n L Js and 

n L Ja = l k ,{?- x u Pk n Lj,) = l x ,(p n l 7 J = /v n L J5 , 

where X' = w~ 1 K fl J^. Therefore, 

f "p,, n PjJa(s, i) • ^ = Cp k n ^)a(Px' n L/J A (s, i) • ^ >(5 . 

Set X = (Px' H Lj s )&(S, 1) • By subsection 3.3 (a), the map 
(g, z) i— > (g>, (?) • 2 gives an isomorphism 

r^p^nPjJ xp K , nLj5 X^ {™- l p K r\u Pjs )xX^ {™- l P K nu Pj5 ) A -x. 
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Therefore, we have that 
(a) Gx«-i Pk C^P^a-X 

g x^ Pk (*-*p k x^ PKnPjg r x P K n Pj s )a ■ x) 
= Gx w - lpKnPj6 (*- 1 p K nP Jg ) A -x) 

= G Xw-i PKnPh (r Pk n P Js ) Xp K , nLjg x) 
- G xp K , nLjj X = G x Ljg (L Js Xp K , nLj6 X). 

Similarly, we may identify Ga • X with G x l Js {Lj s )a • X and un- 
der these identifications, the map (g, z) \— > (g,g) ■ z from G x r i Pj _ 
(w 1 p K 'j A . x to Ga • X is induced from the map 

G x (L J5 x PK/nLjs X)^Gx ((L Js ) A ■ X), 

defined by (g, I, z) i-> (g, (/, I) ■ z). 

3.6. Let J,KcI with 5(K) = K and w G K W Js f]W 5 with w^(K) C 
J,5. Let S" C -^^(/o be the closure of an isolated stratum. We have that 

-- 1 p^ = --^ P ^- 1 L^ = (-- 1 c/p K nc/p Ji )(-- 1 p x nL J J(-- 1 c/p K nc/ P ). 

Since iu G W^ J * and w' 1 ^) C J 5 , we have that ™~^Up K H Lj 5 = 
C/p , nU. Then 

{w-\w- l ){P K )A{Up K S'wg \Up K w) ■ h J>5 

= (""'p^aCC 6-1 ^ n Lj,)*- 1 ^ 1 , i) • ^ 
= r 1 Pi,)A((f/p t „_ lif n Lj,)*- 1 ^ 1 , i) • fcj,,. 

The map / : G x Pjf (P K ) A (Up K S'wgQ 1 ,Up K w) ■ hj )5 -> G x^-i Pj? 

(^P^A^.^nLj,)-- 1 ^- 1 ,!)-^ defined by fo, z) ^ («^, (u," 1 , ™ 
is an isomorphism. Moreover, 

(*) 7T = 7t'o/, 

where 

7T : G x Pk (P K ) A (Up K S'wgo 1 : U Pk w) ■ h J:S -> 
vr' : G r" 1 P^) A (C/p_ lK n L^W, 1) • ^ - Zj,^, 

are induced from the map G x — > Zj^.g defined by (g, z) \— > 

As in the previous subsection, the map 7r' is induced from the map 
G x (L Jf x P(e _ 1(i0 nL j4 X) -> G x ((LjJa • X) defined by Z, i-> 
(g, (/, /) • z), here 

x = (c/p_ lK n Lj^s'g, 1 , i) • ^ - (u Pw _ lK n L Jt )*- 1 s'lz{Lj t ). 
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Since w 1 S' /Z(Lj s ) is the closure of an isolated stratum in Lp^_ lK g /Z(Lj s ), 
by subsection 3.2, Ga • X is a union of strata in Zj^s and the map ir' 
is a small map. 

As a summary, we have the following result. 

Theorem 3.5. Let K C I with S(K) = K and S be an isolated stratum 
of L K g . Then the proper map 

Gx Pk (Up~s n gH -> g a (u Pk s) n G 1 " 

sending (g, z) — > (y, g) ■ z is small and G&{Up K S) fl G lSS a union of 
strata in G 1 . 

3.7. Let J C I and F be a stratum of L Js g . By the same argument 
as above, we can show that ij{G x Ljg Y/Z(Lj)) fl G 1 is a union of 

strata of G lSS . Since we don't need this result in the rest of the paper, 
we skip the details. 

4. Character sheaves on G lSS 

4.1. Fix a prime number I that is invertible in k. For any algebraic 
variety X over k, we write D(X) for D b c (X, Q t ), the bounded derived 
category of Q r constructible sheaves on X ([BBD, 2.2.18]). 

For any subgroup H of G and an //-variety X, we define the H 
action on G x X by h- (g,x) = (gh -1 , h ■ x) and denote by G x H X the 
quotient space. For any perverse sheaf A on X that is equivariant for 
the H action, we denote by i%{A) the perverse sheaf on G x H X such 
that p*(A)[dim(H)} = Q, )G [dim(G)] B A, where p:GxI^Gx fl I 
is the projection map. 

4.2. In this subsection, we only assume that G is a connected reductive 
group. 

Let Z = {g G Z(G);gg' = g'g for all g' G G 1 }. For each isolated 
stratum S of G 1 and n G Z, let S„(S') be the set of local systems on 
S that are equivariant for the Z° x G-action defined by (z, g) ■ s = 
gz n sg~ 1 ([L2, 5.2]). Now assume that £ is an irreducible local system 
in §> n (S). For y G S, let H y be the isotropy subgroup of y for this 
Z° x G-action. Notice that for (z,g) G H y , z n = g~ x ygy~ x . By [H5, 
Lemma 1.1 (2)], there are only finitely many possible choices for z. In 
particular, H® = Zc{y)°- Define a morphism f : Z° x G/H® — > S by 
(z,g) i— > (-z, ^) • y. Then £ is a direct summand of f\Qi,zxG/H°- Let G 
be the L^-conjugacy class of y, then / factors through 

Z xG/H°-*+z xC-^~S, 

where fi(z,g) = (z n ,gyg~ l ) is a principal //„ x Z G .(y)/Z G (y) -covering 
and f2(z,c) = zc is a A-covering. Here A = {z E Z°;zC = C} is a 
finite group. Therefore £ is a direct summand of (/ 2 )!(9 r Kl £'), where 



20 



XUHUA HE 



5F is an irreducible local system on Z° which is a direct summand of 
n\Qi,z° fo r the n-th isogeny n : Z° — > Z° and £' is an irreducible local 
system on C which is a direct summand of (f\ |{i}xG/n )!Qz,Gyn () - 

Now let Z' = {ze & ( Z y x ;z E Z(Gf}. Since Z{Gf is abelian" Z' is 
an abelian subgroup of Z(Gf. By [L2, 1.2], Z(Gf = Z°Z'. Therefore 
we have an isomorphism Z(G)° x z > C = Z° x z o n2/ C. It is easy to see 
that Z° fl Z' is finite. Since C C G 1 is stable under the conjugation 
action of Z(G)°, we have that Z'C = C. Thus we have the following 
commuting diagram 

Z°xZ'xC — Z(G)° x C 

a c 

where a, ^3, c are projection maps, o(z, z', c) = (zz', c) and fi{z, c) = zc. 
The square (a, 6, / 3 , c) is a Cartesian square and fi = f± o / 3 . 

Thus c^/a)!^^ £') = ha* {3 m £') = Q, )Z , E £')• Any direct 

summand of c*{f-i)\{3 r E3 £') is of the form 5F' Kl £', where jF' is an irre- 
ducible local system on Z(G)° which is a direct summand of n\Q,i t z(G)° 
for the n-th isogeny n : Z(G)° — > 

As a summary, 

(a) £ is a direct summand of (f A )\E". Here / 4 : x Z / C — > 5, 

(z, c) I— > and £" is a local system on Z(G)° x z C whose pull back 
to Z(G)° x C is of the form 5F' IE £', where 5"' is an irreducible local 
system on Z(G)° which is a direct summand of n\Q,i t z(G)° f° r the n-th 
isogeny n : Z(G)° -> 

Lemma 4.1. Let K C I with 8{K) = K, S C L^So &e an iso- 
/ated stratum and S' the closure of S in LkQo- Let w G K W fl W s 
with C J. Set Y = U^i^^D^^SwgQ 1 , w) ■ ho,s and Y' = 

^ w - 1 (K)cDci(S'u;gQ 1 , w) ■ ho,s- For J C I with w^{K) C J, let 
Tij : S — > (Sibg^ 1 ,w) ■ hj t s be the map defined by s 1— > (stbg^ 1 ,^) • /ij^. 
Let £ e Sn('S') ^ e ara irreducible local system. If £ = 7r}£' /or some /oca/ 
system on F n taen IC(Y', £) |ynz Ji4 = n Zj,*, £')[|/ - J|]. 

Otherwise, IC(Y',E) |vnz J4 = 0. 

Proof. Let Z = U^-i^ci^cK^o^Lk)^^ 1 , tu) • /id,5 be the closure 
ofg Z(L K ) in Y 7 . Let p : g Z(L K ) -> ZnZ Ji<5 ^ g Z(L K )/wZ(Lj)w- 1 , 
2; I— > (zwg^ 1 , n;) • /ij^ be the projection map . 

We show that 

(a) Let 5F be an irreducible local system on g Z(L K ). If J = p*^' 
for some local system on Z fl Zj j( $, then IC(Z, 5F) |z nZ7f = ^Hl-^ — 
Otherwise, IC(Z,$) \ Zn z JS = °- 

For any j ^ n; -1 ^), let uSj be the fundamental coweight. Then 
fj : k* — > Z, a 1— > a wcjj(a)w _1 is a cross section to Z C\ Zj_^^ in 
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Z. Using [LI, 1.6], IC(Z,U) \znz ]S i^ ® ^ an d onr y if f° r an Y 3 ^ J, 
the monodromy of 5F around the divisor Z fl Zj_^§ is 0, i.e., f*^ is 
trivial. It is easy to see that f*3 is trivial for any j ^ J if any only if 
5F = p*^'. In this case, one can show that JC(Z,9 r ) |z nZ/i5 = 
(a) is proved. 
Similarly, 

(b) If £ = 7r}£' for some local system on Yf]Zj t s, then IC(Y, £) \vnz JS — 
£'[|J - J|]. Otherwise, JC(F, £) | yn z Ji4 = 0. 

Let Z' = {z9 5 (z)^ 1 ; z E Z(L K )}. By 4.2 (a), £ is a direct summand 
of (/i)|£". Here : g Z(L K ) x z > C -> 5, (z, c) g^zc = c^ 1 ^ and 
£" is a local system on g Z(LK) Xz'C whose pull back to qqZ{Lk) x C 
is of the form /*_ 1 9 r ' Kl £', where £F' is an irreducible local system on 

Z(Lx) which is a direct summand of n\Q,i t z(L K ) for the n-th isogeny 
n : Z(G)° -> Z(G)° and Z fl -i : <? Z(I^) -> Z(L^), * -> So" 1 *- 

Let C" be the closure of C in L K g . Then the map f : g Z(L K ) x z > 
C — > 5 extends in the natural way to a map fl : Z x Z / C" — > F', 
(z, c) i — (c^ 1 , 1) • z. This is a surjective map and each fiber is finite. 
In particular, fl is a small map and 

IC{Y\{f)£") = {fl)JC{Zx z ,C',fL"). 
Consider the following diagram 

(z n Zj, s ) x» c c — - (z n z Ji(5 ) x 2 , c c — - 

b Si 

Y n z 7 / . y' n z 7 / . y / 

where a, 6 are the restriction of fl and are small maps. Both squares 
are Cartesian squares. So 

IC{Y', (£),£") | y , nZj ,= (W)!/C(lx 2 ,C',£")) k'nz^M, 

where A = 7C(Z x z , C, £") | ( zn^)x z ,c- 

Notice that the pull back of A to (Z n Zj^) x C" is 7C(Z, |^ nZ 
K1/C(C", £"), By (a), the pull back is isomorphic to 

IC((ZnZj, s ) x C",/C(Z,?') | inZw B8"). 

Here IC(Z, 5F) \ ZnZjs is an irreducible local system on (ZdZjj) x 
C or 0. Hence A = IC((Z n Z J){ ) x» C", A \ {ZnZjsXz , c ) and 

7C(F', (/!),£") | y , nZji4 = hA = IC(Y' n Zj, 5 , a,(A \ {ZnZj ^ z , c )) 

= IC(Y'nZj,s,(kA) \ YnZjt6 ). 
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Since IC(Y', £) is a direct summand of IC(Y', (/i)i£"), 

/c(y', £) |y,nz Ji4 = /c(y' n z Jj5 , /G(y', £) |y n z Ji4 ) 
= /c(y'nz Ji5 ,/c(y,£) | ynZj ,). 

Now the lemma follows from (b). □ 

From subsection 4.3 to Lemma 4.2, we only assume that G is a 
connected reductive group. We first recall some results of character 
sheaves on disconnected groups. We follow the approach in [L2]. 

4.3. Let P be a parabolic subgroup of G such that N^PnG 1 ^ 0. Let 
L be a Levi of P. Set L 1 = N^P n NqL H G 1 . Consider the diagram 

L i g x (N d P n G 1 ) — b -+ G x P (N d P n G 1 ) G\ 

where a,b are projection maps and c(g,h) = ghg~ l . To any simple 
perverse sheaf A on L l which is L-equivariant (for the conjugation 
action) we define indfiA = aAi, where A is the perverse sheaf on 
G x P {N d P n G 1 ) such that a*A[dim{G) - dim(P)] = b*A ± . We call 
ind^i an induction functor. 
Consider the diagram 

G i ^J— N d P n G 1 L 1 = {N d P n G r )/U P , 

where % is the inclusion map and 7r is the projection. To any simple 
perverse sheaf B on G 1 which is G-equivariant (for the conjugation 
action), we define res^B = ird*B. We call res^j a restriction functor. 

4.4. For P, L and S as in subsection 3.2, set 

X LiS = GxpS'U P ; 

Y LiS = Gx L S*^Gx P (P A -S*). 

where S' is the closure of S in G 1 , L acts diagonally S* and P acts 
diagonally on Pa • S* and S'Up. 

We have the following commuting diagram 

Yr S ^— Y L c ^— GxS* S 



Yl s ^— X L:S ^Gx S'Up 5', 

where Y' LS is the closure of Y L $ in G 1 , a,b,a',b' are projection maps 
and 7r, 7r' sends (g,p) — >• gpg -1 - 

Let £ G S(S'). Then there is a unique local system £ on Y L>S 
with a*£ = &*£ and the intersection cohomology complex IC(S',E), 
IC(X L:S ,£) are related by {a')*IC{X Lt3 ,l) = {b')*IC{S',E) (see [L2, 
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5.6]). Moreover, IC(Y[ s , 7n£) is canonically isomorphic to ir'IC(X LjS , £) 

indG 1 i( / ^('5' ) £))[- dim (^,5)] ([L2, Proposition 5.7]). 

A simple perverse sheaf on G 1 is called admissible if it is a direct 
summand of the perverse sheaf IC(Y[ s ,TT\8,)[dim(Y[ s )] on G 1 (0 out- 
side Y' L s ) for some pair (L, S) as above and a cuspidal local system 
£ e S(S) ([L2, 6.7]). 

Lemma 4.2. We A;eej? t/je notations as above. Let £ e §(5 f ) and A 
&e a direct summand ofIC(Y[ s , 7ri£)[dim(Y£ Let Z be a connected 
subgroup of Z(G). If A is equivariant for the right Z -action, then £ is 
equivariant for the right Z -action on S . 

Proof. Consider the following diagram 



where n and n' are defined in the previous subsection. By [L2, Lemma 
5.5], this is a Cartesian square. So 

{(ny(n>)JC(X L , s ,l)) \y LS = n*((n>)JC(X LiS ,l) k, s ) 

= 7T*(/C(F/ i5 ,7r ! £) k, s )=7r*7n£. 

Consider the following diagram 



GXLiNXLS*)^?! 



L,S 



Y L , S Y L , S , 

where N = {n <E N G L\nSn^ = S} and G x L (N x L S*) is the quo- 
tient of G x (N x S*) modulo the L x L-action, (1,1') ■ (g,n,s) = 
(gl~ x , Zn(Z') -1 , 1' s(Z') -1 ) and the maps a, b are defined by a(g,n,s) = 
(g, nsn~ r ) and b(g, n, s) = (gn, s). It is easy to see that this is a Carte- 
sian square. Therefore 7r*7ri£ = b\a*t = £®l Ar / i l. 

Since A is a direct summand of (n')\IC(X Lj g, 8,), each direct sum- 
mand of ((ir')*A) \y is £. In particular, IC(X L ^ S , £) is an irreducible 
constitute of p H l ((n')* A) for some % E Z. 

Notice that A is equivariant for the right Z-action and n' is Z- 
equivariant, where the Z-action on Xl,s = G Xp S'Up is defined by 
z ■ (g,s) = (g^sz' 1 ). Hence p H 1 (( / k')*A) is also Z-equivariant. There- 
fore IC(Xl^, £) and IC(Xl^, £) \gx p su p are both Z-equivariant. By 
definition, the pull back of IC(X L:S , £) \gx p su p to G x Slip is Qi : g ^ 
£ M Qi : u P - Therefore £ is Z-equivariant. □ 
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Now we can prove our main theorem. 

Theorem 4.3. Let J, K C I with S(K) = K. Let S be an isolated 
stratum of Lxgo, S' its closure in Lxgo and £ G &(S). Let TV be the set 
ofwE K W Js fl W s with w^{K) C J$ and that £ is equivariant for the 
right wZ[Lj)w- x -action on S. Then ICQC?" , md^ 90 IC(S', £)) \ ZjS:1 
is canonically isomorphic to 

1%^%$?™ ^ICr'S'/ZiLj), E J>W ), 
we\v 

where £j jW is the local system on w 1 S/Z(Lj) such that £ = Ad(w~ 1 )*i*8,j tW . 
Here i : w S — > w S/Z(Lj) is the projection map and Ad(u> -1 ) : S — > 
w S, s i— > w~ 1 sw. 

Proof. Consider the following commuting diagram 
Yl k ,s c *- x l k ,s c >■ X LKtS 



■ss 



where X LkjS = Gx Pk (SU Pk DG 1 ), ir"(g, z) = (g, g) ■ z and vr, vr' are 
the restrictions of n". Both squares are Cartesian squares. By Theorem 
3.5, 7r" is a small map. Therefore 

ICQS?', ind^ 90 /C(5', £)) = IC(G^ S \ 7r,£) [dim(G) - dim(Lj)] 

is canonically isomorphic to 7t{'IC(X LkjS , £)[dim(G) — dim(Lj)]. 

Therefore IC^G^, indJf fl0 /C(S', £))[- dim(G) + dim(Lj)] \ z . w is 
canonically isomorphic to 

it"IC(X Lk: s,£) \zj if;1 = (tt" |z /a;1 )!(/C(X LifiS , £) Igxp k (st/^nZj,^))- 
We have shown in Theorem 3.3 that 

U Pk S H Z J)( $;i = \-i we K W j snW s >w -i^ cJs (Up K S'wgQ 1 , U Pk w) ■ hj tS - 

Similar to the proof of the isomorphism (b) in the proof of Theorem 
3.3, we have that 

(u Pk n *u) x (u Pk n *u~) x u^^s'^- 1 , c/ P » • /i D)5 

= U JcDcI (Up K S'wgQ 1 , U Pk w) ■ h DjS . 

By Lemma 4.1, for w G K W Js fl W^* 5 with C Jj, the restriction 

of IC(X Lk: s, £) to G x Pjf (U PK S'wgQ 1 ,Up K w) ■ hjj is if w ^ W and 
is isomorphic to Q(u PK r\*u)x(Up K n-*u-) ^ £j,w[\I ~ J\] if w G W. Now 
the theorem follows from the isomorphism G Xp K {Up K S'wgQ 1 , Up K w) ■ 
hj,s = Gx Ljs {L Js Xp w . l(K) nL Js ^S'/ZiLj)) in subsection 3.5 & 3.6 
and subsection 3.6 (*). □ 
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4.5. For any K C J C I with 5(K) = K and a character sheaf A on 
£a:0o, we set 



If B is a semisimple perverse sheaf on and is a direct sum of some 
character sheaves B = ®A i: then we set c,j(B) = @c,j(Ai). 

By Lemma 4.2, for any K' C K with ^(.K 7 ) = K' and a character 
sheaf A on L^'tfo, if cj(A) = 0, then cj(ind^'/ o °(A)) = 0. 

Using Macay type formula [LI, Proposition 15.2] and [L2, Proposi- 
tion 38.8], we can reformulate our main theorem in the following way. 

Theorem 4.4. Let K <Z I with 8{K) = K , S be an isolated stratum 
of Lxgo and S' be its closure in LkQq- Let £ be a cuspidal local sys- 
tem on S and A = ind£? 90 IC(S', £[dim(S)]). Then for any J D K, 
IC(G\A) | 

Zj,s-,i = ill (C)[l-f — J\], where C is a semisimple perverse 
sheaf on L Jg g /Z(Lj) whose pull back to L Js g is cjres^i' 5SI0 A[— 17 — J|] . 

By [LI, Section 4] and [L2, Theorem 30.6], any character sheaf on G 
is a direct summand of ind^f 90 IC(S', £[dim(S')]) for some pair (S, £) 
as above. We have that 

Corollary 4.5. Let A' be a character sheaf on G 1 and J C I. Then 
IC(G l ,A') \zj S .-l is of the form il s {C)[\I — J\] for some semisimple 
perverse sheaf C on L Js g /Z(Lj) . 

Furthermore, we conjecture that the semisimple perverse sheaf C is 
given by the following explicit formula. 

Conjecture 4.6. Let A' be a character sheaf on G 1 . Then for any 



where C is the semisimple perverse sheaf on Lj s go/Z(Lj) whose pull 
back to Lj 5 g is cjres G T i 9 °(A')[—\I — J|]. 

By the above theorem, the conjecture holds for generic character 
sheaves on G. We will show in the end of the paper that this conjecture 
also holds for Steinberg character sheaf. 

4.6. In this subsection, we assume that G 1 = G. For any J C I, we 
have that ZjdG = G x Lj Gj (see 3.4). Now keep the notation in 
theorem 4.4, we can show in the same way as we did for the proof of 
the main theorem that 



Gj",i°(C)). Thus IC(G,A) 

IzTnG 83 ^ s tne intermediate extension 




A, if A is equivariant for the right Z(Lj)-action on L^go', 
0, otherwise. 



J C I, 



IC(G\A') \ Zj ^=i G Lj5 {C)[\I- J|], 
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of its restriction to Zj n G . Since any character sheaf A' on G is a 
direct summand of some A considered above, we have that 

(a) For any J C I, IC(G,A') \~zj n G ss is canonically isomorphic to 
IC(Z-jnG ss ,IC(G,A') \ ZjnV ss) = iG jIC (G7 S JC(G,A') \ Gj ). 

In particular, for any K C J C /, IC(G,A') \z K1 . s is canonically 
isomorphic to if K (lC(Gj SS , IC(G, A') \gj) \g k )- Hence to verify the 
above conjecture for G 1 = G, it suffices to verify the cases where J is 
a maximal proper subset of /. However, we still don't know how to do 
it. 

Another thing worth mentioning is that the open embedding G — > 
G is an affine map. Hence by [BBD, Corollary 4.1.12], for any per- 
verse sheaf A on G, IC(G ,A) \q ss _ g [—1] is perverse. In other 
words, IC(G,A) \-zjnG aa [ — 1] is a perverse sheaf for any maximal 
proper subset J of 1. We showed above that for any character sheaf A, 
IC(G, A) \-zj n c 3S — J\] is perverse for any subset J of /. It would 
be interesting to see if the result holds for arbitrary perverse sheaf on 
G. 

4.7. In this and next subsections, we assume that k is an algebraically 
closure of a finite field ¥ q and that we are given an F g -structure on G 
with a Frobenius morphism F : G — > G such that G l is defined over 
¥ q . Then F extends to a Frobenius morphism F on G 1 . 

Let A be a character sheaf on G 1 and <fi : F*A — > A be an isomor- 
phism. Then extends to an isomorphism F*IC(G 1 , A) — > ICIG 1 , A) 
which we still denote by 0. Then we can define functions X4, '■ (G r ) F — > 
Q and xi ■■ (G T ) F - Q by 

Xi(x) = Y J {-mri^H\A) x ) J 

i 

i 

The function x$ is called the characteristic function of A and is con- 
stant on G F -conjugacy classes of and x$ is a natural extension 

of xi- 

Now for any function / : (G 1 ) F — > Q; that is constant on G F - 
conjugacy classes, we can naturally extend it to a function / : — > 
Qz as follows. 

By [LI, Theorem 25.2] and [L2, Theorem 21.21], the characteristic 
functions (for various A) form a basis of the vector space of functions 
from (G 1 )^ to Q that are constant on the G F -conjugacy classes. Hence 
/ = J2 A caX$, where ca € Q is uniquely determined by /, A and 0. 
Now define 

A 
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We may view the restriction of / to (G 1 )^ — as the boundary 

values of /. The most interesting case is when G 1 = G and / is an 
irreducible character of the finite group G F . The study of the boundary 
values of irreducible characters of G F is one of the open problems in 
Springer's talk [Sp2, Problem 10] at ICM 2006. 

4.8. The map (gi,g 2 ) • h JtS i-> ( 92 Pj, 9l Pi (J) , 9\U P - goHp^ 1 ) gives 

>■ / S(J) 

a natural isomorphism of Zjs with {(P,Q, HggHp); P G 7j, Q G 
g £ G 1 , 9 P n Q is a common Levi of 9 P and Q}. Now let 
x = (P,Q, T ) G (G^V and A = IC(G, md^ 90 IC(S', £[dim(S)])), 
where and S" are defined over F 9 and : P*£ — * £ is an isomor- 
phism. Then induces a natural isomorphism P*A — > A, which we 
also denote by 0. By the previous theorem, we have that 

(*) E = E 40?)- 

If the conjecture 4.6 is true, then the formula (*) is true for any 
character sheaf A on G with <p : F*A = A and 

^ = UN^PfWfl /( ^ = \(NfQni) F \ /(^)' 

lv G ,y 1 geiN^Pn^F " 1 ge(N e Qn-y) F 

for any function / : (G l ) F — > that is constant on G F -conjugacy 
classes and x = (P, Q, H Q gH P ) G (G TSS ) F . 

Now we consider a special character sheaf on G 1 and its intermediate 
extension to G 1 . 

4.9. For any K C J C / with = X. The map L Js x (P x n 
L Js )g /Z(Lj) -> L Js g /Z(Lj) defined by h-> (/,/) • z induces a 
proper map 

7Tj,ft:,<5 : L Js Xp K nL Js (Pk n L Js )g /Z(Lj) -> L Js g /Z(Lj). 
It is known that ttj^^ is a small map. Set 

Cj,tf,« = (7rj,^,«5)!(Q/,L, / ,Xp ifni/i (P K nL, / ,)9o/^(Lj)[ dim ( G '^)])- 

Moreover, we may identify 1) • with L Js g /Z(Lj) and (Pr-D 
1) • hjj with (Px fl Lj s )go/Z(Lj) in the natural way. Under this 
identification, Cj y K,s is a perverse sheaf on (Pj 4 , 1) • hjj. 

Define vr^ : G Xp K nL Js (Pk H 1) • /i J>a -> Z Jtl . s by z) ^ 
(<7, g) ■ z. Notice that 

Gx L Js (L Js Xp KnLjs (P K {lL Js ,l)-hj,s) ^ Gx PKnLjs (P K nLj s ,l)-hj t6 . 
Then 

i Ljs (Cj, K ,s) = (7r^ i5 ) ! (Q /iGxpKnL ^ (PxnLj5il) . h ^[dim(Z Jil;(5 )]) 
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is a perverse sheaf on G x Lj (Lj s , 1) • hjj — Zj^.g. 

4.10. Let J, K C I with = K and u> G X W J * fl W* 5 . Let e(iu) = 
mm(wWj). Set #i = maxji^' C K; S(K') = K' , e{w)~ 1 (K') C J}. By 
Lemma 2.2, i^i = i-T fl wJ^. By subsection 1.6 (7), 

(Pk)a(Bw,Bw) ■ h J)5 = [J, S(e(w)), e(w)] K ,s 

= (PK)A(L Kl 5(e(w)),e(w)) ■ h Jj5 

= (Pk)a(L Ki w,w) ■ h J>5 

= (P K )A(wL w -i {K)nJs ,w) ■ h J>5 . 

The map 

/ : Gxp K (P K ) A (Bw,Bw)-h J>5 -> Gx^-ip^ 1 P K ) A (L w -i {K)nJs ,l)-hj 

defined by (g, z) \— > (giu, (w' 1 , w~ l )z) is an isomorphism. Moreover, 
kj,k, w = k' jk , w o /, where 

TTJiAT.ti;,* : G X Pk (P K ) A (Bw,Bw) ■ hjfi -»• 

are induced from the map G x — > ^j,i ; <5 defined by (g, z) i— > 
Notice that 

(Pw-^k^Js n -^J f )A(-^«;- 1 (x)nJ a) 1) • ^J,5 = (-P«,- 1 (i^)nJ 4 H Lj f , 1) • /ij j( 5. 
By subsection 3.5 (a), hj : k, w ,s is a small map and 

[dim(Z J>1; ,)]) 

= (^-H^)nJ,,5)KQ/,Gxp^_ lwnjinij5 (p„_ 1(K)nJi nL /5 a)-^,J dim (^i;<5)]) 
= ^L J(S (Cj,«>- 1 (^)nJi,<5)- 

4.11. For any J C I with <J(J) = J, there is a unique simple perverse 
sheaf Stj t s on (Lj s , 1) • /ij^ = L Js g /Z(Lj) such that Stj^ is a direct 
summand of Cj^ and Stjj is not a direct summand of Cj t x,s f° r an Y 
^ X C J with '<$(#) = X. In fact, 

^0 C W = 

KcJ,8(K)=K,2\\K\ KcJ,S(K)=K,2\\K\ 

It is known that for any g G Gj, < K l g {Stj^) 7^ for some % G Z if and 
only if the stabilizer of g in G is reductive (i.e., g is quasi-semisimple) . 
In this case, Eiez dim ( 5£ J( 5 '*J,«)) = L See [ L2 > 12 - 6 1- 

Let X C / with 5{K) = K. By Theorem 2.4, P^n G 1 ^ is smooth. 
By Theorem 2.1 and the previous subsection, hk '■ G x Pk (P k fl 
G 1 ) — > G 1 defined by (g, z) 1— > (g, g) • z is a small map. Hence 
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(kk)\(Qi Gxp (iYnG rss )[^ m ( ( ^)]) ^ s a P erver se sheaf on G 1 ^ whose re- 
striction to G 1 is Ck,i,s- 

Let 5" be the unique simple perverse sheaf on G 1 such that S' \ G i = 
Stj, 5 . Then S'0 ' (^(Q^^ ^^[dim^)]) 

{^k)\ (Qi, Gxp (7vnGi ss ) [dim(G)] ) . 
fl-c/,5(fl-)=Jsr,2||jr| 

Now we calculate the restriction of S' to Z J:1 . S . 
Proposition 4.7. For J d I , S 1 \ Zjl . = i^Stj^I - J\}). 

Proof. For J, K C J and w G ^W J * fl W" 5 , set I(J,K,w,5) = 
We have that 

((vrx) ! (Q /iGxPif(7¥n ^ ) [dim(G)])) 
= (fx lGxp x (^nz J , l! ,))i(Qi > G X p jr (^nz J , l!4 )[dini(G)]) 
= lGxp K (7vnz J , 1; ,))!Qi,u meKwJinw ,Gxp K (P K )A(^,B»)^./,,[ dim ( G )] 
( 7r J,^,5)!(Qi,Gxp x (P K )A(B«',^)-/ l ./,J dim ( G ')]) 

= »t j (C WiWiW )[|/-J|]. 

Moreover, 

^(CWIIZ-JI] 

^c/,<5(^)=x,2||E-| we K w J snw& 

= 

= ^Wl'^l !■ 

iueW J «nW* K<Zl{J,I,w,5) K'Cl,8(K')=K',we K 'W,I(J,K',w,S)=K,2\\K'\ 

Similarly, 



= L 

iueW J «nW* Kd(J,I,w,5) K'CI,S(K')=K' ,we K ' 'W,I(J,K> ,w,8)=K,2\\K'\ 

Fix iu G W Jf n W^ 5 . Let J' = max{K C /; w G ^}. Then 
5(J') = J' and wI(J,I,w,5) C J'. It is easy to see that for any 
K C I(J, I, w, 5) and K' C I with = if', the following conditions 

are equivalent: 

(1) w G K 'W and I(J, K', w, 5) = K; 

(2) K = 5(K) and wK cK' CwKU (J' - /(J, /, w, 5)). 
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Notice that J' — I(J, I,w,5) is 5-stable. Therefore, for any K C 
I(J,I,w,5), 

y { _ 1)lK >\ = f(-l) W , X6(K)=KfmdJ'-I(J,I,w,6) 

, ^ I 0, otherwise. 

K'<Zl,w€ K W,I(J,K',w,S)=K y. 

If J' = I(J,I,w,5), then there is no i G / such that ww^ s G 
Hence wwjj s = w and u> = w w'q S . In this case, I(J,I,w,5) = J$. 
Therefore for any w G W Js fl W 5 with w ^ w Wq S 

© i G L Js (Cj, K ,sW ~ J\] © 1 

KcI(J,I,w,S) K'Cl,8(K')=K',w€ K 'W,I(J,K',w,5)=K,2\\K'\ 

= © i^Wll'-Jll © L 

KcI(J,I,w,S) K'Cl,S(K')=K',w£ K 'W,I(J,K',w,8)=K,2\\K'\ 

Now 



K<Z.J S ,8(K)=K,2\\K\ 

© £/cW)[|/-./|]. 

XcJ 5 ,<5(X)=_ftT,2||^| 

Hence S> \ Zj ^ 5 = i G L (Stj, 5 [\I - J\\). □ 



4.12. Let S be the simple perverse sheaf on G 1 such that S \g 1= Sti^. 
Then 5 |^r ss = S'. By the previous Proposition and [HS], the following 
conditions on z G G 1 are equivalent: 

(1) The stabilizer of z in G is reductive; 

(2) z G Gi SS and W g (S) ^ for some i G Z; 

(3) z G ^ S and £^ dim^S)) = 1- _^ 

This verifies Lusztig's conjecture in [L3, 12.6] inside G 1 . More 
precisely, by what we have shown above, Lusztig's conjecture is now 
reduced to the following one: 

Conjecture 4.8. The intermediate extension of S' to G 1 is the exten- 
sion by outside G 1 . 
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